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Motivation for a statistical description of the uncertainty
associated with horizontal refraction and medium
time-dependence:

— range-dependence and cross-range variation of environmental parameters affect the
acoustic field in a different manner

— being relatively weak, effects of the cross-range variations are not necessarily negligible
— these effects accumulate with range rather rapidly (typically, as third power of range)
and lead to biases in signal travel time and modal phases

— signal frequency wander due to medium non-stationarity introduces uncertainty in
estimates of target velocity

— lack of the detailed knowledge of cross-range environmental inhomogeneities is likely to
remain, for the foreseeable future, an obstacle for the accurate prediction of the underwater
acoustic field

— environmental measurements cannot be repeated fast enough along the propagation path

to make a deterministic prediction of the frequency wander possible



MODE PHASE BIAS: Deterministic theory
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RAY TRAVEL TIME BIAS: Deterministic theory
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RAY TRAVEL TIME BIAS: Random inhomogeneities
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MODE PHASE BIAS: Random inhomogeneities
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Conditions of applicability S large-scale inhomogeneities
Perturbation theory: Yo r?2/L3<<1

Uncoupled azimuth approximation: W k,r3/L?><<1

Conditions of applicability S small-scale

inhomogeneities
<y2(x)> —_ 2b20-(§ (x — X )2 (xz B x)2 n 0(54)
39,0 Xy ™K

Perturbation theory: Vb (r/L)3? «
1

Uncoupled azimuth approximation: Yo’ k,r? /L « 1



Retlection at a rough surface .

z= £h(R), R = (x,y)

Travel time perturbation:

cT =T, +&T, +&°T, +...

First-order corrections:

cT, =—2cosb, h(RO ), o..=2cosf,0, [1 + 0(5)]



Reflection at a rough surface (continued)

Second-order corrections:

.z, Z Kh* 2
cT, =-2sinG, —~2—hh_+ sin” 6, ——( . +h cos’ HO)
Z,Z, 2 K
where 1 1 z tz
K = + =cosf, —
‘rp —ro‘ r —ro‘ z,z,
Travel time bias:
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Latitude (°N)

Geometry of the 1987 Reciprocal Transmission Experiment (RTE)

(B. Dushaw, P. Worcester, B. Cornuelle, and B. Howe, JASA, 93(1), pp- 255-275 (1993))
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Depth (km)

Example of Rays for RTE'87 Conditions
(Source-Receiver Range = 1265 km; Source
and Receiver Depths = 1km; Ocean Depth = 5.25 km)
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Enlarged Fragment of the Above Plot
(Source-Receiver Range = 1265 km; Source
and Receiver Depths = 1km; Ocean Depth = 5.25 km)
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Travel Time Bias (ms)

Comparison Between Travel Time Bias for East Leg
(Range =987 km) and for West Leg (Range = 1265 km);
Source and Receiver Depths =1 km
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Travel Time Bias (ms)
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Comparison Between Travel Time Bias for East Leg
(Range =987 km) and for West Leg (Range = 1265 km);
Source and Receiver Depths = 0.5 km
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Travel Time Bias (ms)

Comparison Between Travel Time Bias for East Leg
(Range = 987 km) and for West Leg (Range = 1265 km);
Source and Receiver Depths = 1.5 km
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Latitude °N)

Geometry of the 1995 SWARM Experiment

J. Apel et al., IEEE J. Ocean. Eng., 22(3), pp. 465- 499, (1997)
M. Badiey, Y. Mu, J. Lynch, J. Apel, and S. Wolf, IEEE J. Ocean.
Eng., 27(1), pp. 117-129 (2002)
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Evolution and propagation of the internal solitary
waves at conditions of SWARM experiment

(z=20m, hy=20m, h =60 m; N, =5 m)
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Total Travel Time (s)
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Travel Time With and Without IWS: Negative Grazing Angles
(Range = 13.5 km; z¢ = z, = 20 m; Ocean Depth = 80 m; Az. Angle = 90°)
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Total Travel Time (s)
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Travel Time With and Without IWS: Positive Grazing Angles

(Range =13.5 km; z 3 =z, = 20 m; Ocean Depth = 80 m; Az. Angle =90 °)
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Travel Time Bias (ms)

Travel Time Bias for Various Azimuthal Angles
Range = 13.5 km; Ocean Depth=80 m; z; =z, =20 m
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Travel Time Bias (ms)

Travel Time Bias for Various Source and Receiver Depths
Range = 13.5 km; Ocean Depth = 80 m; Az. Angle =91°
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Displacement (m)

Passage of the Soliton Through the Acoustic Track

(Range = 13.5 km, Az. Angle = 91°; ¢, = 0.54 m/s)
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Travel Time Bias (ms)

Change of Travel Time Bias During Soliton Passage:
Range = 13.5 km; Ocean Depth = 80 m; Source and

Receiver Depths = 30 m; Az. Angle =91 ©

_|IIII|IIII|5_.

N *® b4 ]
N ity ¢ Lo oo & e N
1 [ 4 S -
- t=652h & 4%, 2 P e ® t=6e0n ]
... .' : [ ] { i
B ° ° - _
N s ok »  t=6.58h -
- £ S .
| ;o ° . B
~ t=6.54 h '.-n ] a !“'. . -
. 3 . A 1
— 3 - % ]
N : ; -
[ t=6.56h ., e
N . -
- . e §
5 P . -
N o . .
[ | | | | | | | | | | | | | | | | | | | | | | | ]
20 -15 -10 5 0 5 10 15 20

Grazing Angle (deg)



Acoustic mode scattering matrix

p = u, (2)exp(i,x +iky) + Y u, (2)] dk

S (K',K)

exp[if'm (x -Ax) + ik'y]



Field transformation

a (k,x+Ax)=a (k,x)e™ + Z jdk'Snm(k,k')am(k',x)

First order scattering :

Ay (k',k) - 4i77 idgz ; jde' dyexp[— i(f’m -fn)x - ik - k')y] i

Dj dzMn* (x,y,z)um (z)un (z)



Pekeris waveguide with strong IW soliton

h,=6m N,=0 ¢, =1500m/s

by = 144m c, = 1490m/ s
N, =0012s™

Poo = 1.3 c,, = 1800m/ s
S, (K)O(k - k')

a, (k)




Scattering matrix at IW soliton: F=100 Hz, h=27.8 m; N=15 modes

Mode Scattering Matrix at IW soliton: h0=27.8 m, F=100 Hz, a=0 deg Mode Scattering Matrix at IW soliton: h0=2748 m, F=100 Hz, o =80 deg

Mode Scattering Matrix at IW soliton: hy=27.8 m, F=100 Hz, a=80 deg
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Spectrum of S-matrix and eigenvectors
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scattering

effects / l \
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Uncertainty due to IW solitons

s+ Probability density

P( h) of IW soliton

amplitude

Hydrophysics

0.035 T
‘ ; ‘ 0.03
0.025

Probability of
detection (POD)

soliton amplitude (m)

Propagation

/alsealarm rate
(FAR)

. |9

Norm of scattering matrix

Detection algorithm

(PoD) = | POD(S|()) TP, (k) d

(FAR) = | FAR(SI()) 0P, (h) d



Strong IW soliton for 2.5 layer model

2
(2) (2) 2 (2) —
LP XX LlJZZ T CZ LP - O

Governing equation:

(e w ) (e +02) -gnoh =0



Strong I'W solitons
A(h)h_ + B(h)hf +C(h) =0

(3 s

U(h,c)

h
\ 0 (€) )

SN




Weak stratification

N°H?
> << ]
C
A h
Apl(l+£j << 1 p2(1+—2j << ]
Ap ) ’ Ap 1

N, =N,=0 = Choi1 and Camassa soliton

Weak stratification effect: density jump modification

Ap, + Bp,
3

Ap -5 Ap+



A.B,C coefficients and U-function for the weak stratification

Ah‘cz( h; ) hf]
)75 h-h  h-h

B(i) = ¢ h < h, , N’h - N;h, ,
6 (oY 6(n-r ) 3
h-h, h-h,

S L N’h - Nh,
C(h):_7 2+2 7| ghpt 3 h
(h=n) 2 (h-h,)

P - (- m) 0, -
Uh)= -=-= h?
2 w(k-n)-m2(h-h)




Strong stratification

-1
w, >> N
¢t h ¢’ ( Nlh)2
= - 1-cotf——| (fcot’ §-cotf+ 4
A(h) Shoh 2N cotd— ( co co )
S Nh Nk’ N/
B(h) = -6——22-0—( -cot@—l) -C—(l-coté’—l) (9c0t29-cot6’+ 6’){(2cot2 6’+1)—1-200t6’
6 (h-h2) 2 c 2 c c
2R ¢’ Nk’
C(h) = - 1-cotd——| - ghph
2 (h- hz) 2 c
N
6="""(h-n)
C

NB: Higher mode solitons exist in strong stratification case



Soliton profile and speed vs. amplitude dependence
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Comparison with COPE experiment
w, = 150s >> N7' =80s

Internal solitary wave profile
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Statistical moments of the scattering matrix
and the acoustic field

W (x,y,2) = 3, u,(2)| dke™a, (k,x)
a (k,x)=a (k,x)+ba (k,x)
S (k,k,)=S (k)Dxd(k-k,)+AS (k,k,)
(05, (k=0 /2%, =0, 1 DBS,,, (k+0 /2K, +7,/2)) =

nymy

- En1m1,7l2m2 (kﬂkO’”)AXJ(” B l70)



Equations for statistical quantities

Average field:
a (k,x+Ax)=a (k,x) exp(ianx) + sz S (kya,(k,x)
Second order acoustic field correlator:

B, (k,x;n) = (ha, (k-0 /2,x)Aa (k +7 /2,x))

expli(fn - En,)Ax] -1

X

A.X nn'

+ Y explié, Ax)S5, (k)B,, (k,x) + Y. exp(- i€, Ax)S,, (K)B,, (k,x) +

+

+0xY, 8, (K)S5 (k) B,y (k,x) + Y. | dK'E,, .. (k,k) B, (K',x)



Optical theorem and energy conservation

& ST (k)+ &, e ™S (k)+bx) €S, (K)S,, (k)+

Z J‘ dk'g'm Emm,nlnz (k'9k90) =0

m

" B (k,x;O)

> [ akg

n

=Y [ kg,

n

a, (k,x)

2
@, (k,x+Ax) + B, (k,x +x0)




Fluctuation due to continuous IW spectrum

(An* (7,200 (7, 2,)) = NI - Fyiz,.z,)

NF5z,2) = X [dde™ Pq,.9,)0 . (4,2)0,(g,2,)

a

GM spectrum:
o r ()
1 de,\” 2 nlg’ 1
31(6): (_d_oj B;Eo 2:_-[ 2 s 212 27
c, az n- +n, g+ (q*n) q
3 i 7l W,
E,=4010"—, n.=3, k. =—
m B n,

B=10°m, w, =73007"s" (latitude = 30°), n, =52007 s



Scattering cross-section matrix

E, (K, K50) =

IT[ a)]4l—e_imx 1 y
2 ikhx & (k)¢ (k')

<% 2 (ser-R)ne (o) + (w-r? v (ae) + (e-4)7) o

Coo

1
D& = (&, (k) =&, (k) +&,. (k") =€, (k)
K=&,k = &, (k) = &, (k) +&,(k)

N (q) = | dzu, (2)u, ()0, (¢,2)



Diffusion approximation

JB,. . J°B,
0‘;x - nn',mm' 0‘;k2

Matrix of diffusion coefficients:

D

= % | k' E k,k';0)k"

nn',mm' (

0L (_ kzj
Jx P 4Dy

Ak 4 Dx
NG = ~
w/c,, W/cy




Conversion of the integrals for GM spectrum

Diffusion coefficients: calculation of integrals over ky
0.99 T T T T T

0.985 - —

0.98 —

0.975 - —

8

0.97 -

=D *
o

0.965 - —

rombD:

0.96 —

0.955 - —

0.95 —

0.945

. . 1 . .
0.025 0.03 0.035 0.04 0.045

angle (rad)

1 . . .
o 0.005 0.01 0.015 0.02 0.05
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i ndence of horizontal refraction angle

HRA (rad)
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